In 
metrics on S n and which can be proved for metrics sufficiently near to the 'standard' metric' ", and mentioned that the "basic difficulty" is due to the multiple covering phenomenon. Note that according to [Kat1] and [Zil2] with the usual interpretation of [ · ] , the number of distinct closed geodesics on Katok's examples of Finsler metrics on S n is actually 2[(n + 1)/2]. Note also that in [Zil2] of 1982, W. Ziller asks if n is a lower bound for the number of distinct closed geodesics on any Finsler sphere S n . In this paper we resolve these problems for Finsler metrics on S 2 . Note that in Theorem 1.1 the Finsler metric is not assumed to be reversible. In particular, if c : S 1 = R/Z → S 2 is a closed geodesic then its inverse curve c −1 , defined by c −1 (t) = c(1 − t), will not be a geodesic in general. If it is, it is counted as a second closed geodesic, as in Katok's examples.
For the definition of Finsler metrics and their geodesics we refer to [BCS1] and [She1] .
According to the classical theorem of Lyusternik-Fet [LyF1] from 1951, there exists at least one closed geodesic on every compact Riemannian manifold. The proof of this theorem, see e.g. [Ban2] or [Kli2] , is variational and carries over to the Finsler case. The authors are aware of only few results on the existence of more than one closed geodesic on Finsler 2-spheres. In [Rad1] of 1989, H.-B.
Rademacher proved the existence of a second closed geodesic on a Finsler 2-sphere provided all its closed geodesics -including iterates -are non-degenerate. If, in addition, for every hyperbolic closed geodesic the stable and unstable manifolds intersect transversely, then the results by H. Hofer, K.
Wysocki and E. Zehnder in [HWZ2] from 2003 imply the existence of either two or infinitely many closed geodesics. This alternative also holds for Finsler metrics with K ≥ 1 for which every geodesic loop is longer than π. This was proved in 2006 by A. Harris and G. P. Paternain [HaP1] . Their proof is based on [HWZ1] . Recently, H.-B. Rademacher [Rad3] proved the existence of two closed geodesics on Finsler 2-spheres satisfying a pinching condition on the flag curvature.
It is tempting to try to prove Theorem 1.1 along the lines of the proof of the celebrated theorem of Lyusternik-Schnirelmann on the existence of three closed geodesics without self-intersections on every Riemannian 2-sphere, cf. [LyS1] , [Lyu1] , [Bal1] , [Jos1] , [Gra1] and [Tai1] . This would be possible if one could find an energy-decreasing deformation on the space of closed curves without selfintersections that works for irreversible Finsler metrics on S 2 . As observed by H.-B. Rademacher, see p.82 of [Rad1] , Katok's examples show that such a deformation does not exist. Instead, our proof is by contradiction. We assume that there is only one closed geodesic c and make a case by case study according to the different symplectic normal forms of the linearized Poincaré map of c.
For more details see the outline of the proof in the next section.
Using Legendre transformation one can reformulate Theorem 1.1 as a result on convex Hamiltonian systems on the cotangent bundle T * S 2 of S 2 as follows. Theorem 1.2. Let H : T * S 2 → R be smooth and assume that the restrictions of H to the fibers of the cotangent bundle T * S 2 → S 2 have positive definite Hessian everywhere and attain their minima. Let r be a real number such that the sublevel H −1 ((−∞, r)) ⊆ T * S 2 contains the zero section. Then the Hamiltonian system X H determined by H and the standard symplectic structure on T * S 2 has at least two periodic orbits on the level surface H −1 (r).
Outline of the proof
We first explain how we count closed geodesics on a Finsler manifold (M, Note that here by [LLo2] We add some remarks concerning notations in this paper.
For a ∈ R we set [a] = max{k ∈ Z|k ≤ a}. By N we denote the set of positive integers.
Throughout the paper, homology modules will be with respect to coefficients in Q. This allows us to use the transfer theorem for the homology of spaces with Z m -actions, see Lemma 3.6. (s · γ)(t) = γ(t + s)
for all γ ∈ Λ and s, t ∈ S 1 . The Finsler metric F defines an energy functional E and a length functional L on Λ by
Both functionals are invariant under the S 1 -action. For κ ∈ R we set Λ κ = {γ ∈ Λ|E(γ) ≤ κ} and
The critical points of E of positive energy are precisely the closed geodesics c : S 1 → M of the Finsler structure. If F is not Riemannian, then due to the non-differentiability of F 2 on the zero section, the energy E : Λ → [0, ∞) is not smooth, but only of class C 1,1 , cf. [Mer1] . If c ∈ Λ is a closed geodesic, then c is a regular curve, i.e.ċ(t) = 0 for all t ∈ S 1 , and this implies that the second differential E ′′ (c) of E at c exists.
As usual we define the index i(c) of c as the maximal dimension of subspaces of T c Λ on which E ′′ (c) is negative definite, and the nullity ν(c) of c so that ν(c) + 1 is the dimension of the null space of E ′′ (c). The relations between E ′′ (c), the index form and Jacobi fields are analogous to the Riemannian case, see e.g. [She1] .
For m ∈ N we denote the m-fold iteration map φ m : Λ → Λ by
We also use the notation φ m (γ) = γ m . Note that φ m is an embedding satisfying
According to (3.3), if c is a closed geodesic and ξ, η ∈ T c Λ, then
Since the null space of E ′′ (c) is the space of periodic Jacobi fields along c, one easily concludes:
Lemma 3.1. Dφ m (c) maps the null space of E ′′ (c) injectively into the null space of E ′′ (c m ).
If γ ∈ Λ is not constant then the multiplicity m(γ) of γ is the order of the isotropy group For a closed geodesic c we set
If A ⊆ Λ is invariant under some subgroup Γ of S 1 , we denote by A/Γ the quotient space of A with respect to the action of Γ.
Using singular homology with rational coefficients we will consider the following critical Qmodules of a closed geodesic c ∈ Λ:
In order to relate the critical modules to the index and nullity of c we would like to use the results by D. Gromoll and W. Meyer from [GrM1] , [GrM2] . Unfortunately, this is not directly possible, since in general the functional E will not be of class C 2 in any neighborhood of c. Following [Rad2] , Section 6.2, we will evade this problem by introducing finite-dimensional approximations to Λ. We choose an arbitrary energy value a > 0 and k ∈ N such that every F -geodesic of length < 2a/k is minimal. Then 
Throughout the paper we will assume that each closed geodesic c ∈ Λ satisfies the following isolation condition:
(Iso) For all m ≥ 1 the orbit S 1 · c m is an isolated critical orbit of E.
Since our aim is to prove the existence of more than one prime closed geodesic for every Finsler metric on S 2 , the condition (Iso) does not restrict generality.
If c has multiplicity m, then the subgroup 
The following lemmas will help prove Proposition 3.2. 
Proof. Using the deformation retraction r 1 = r(·, 1) defined in (3.7) we see that the inclusion induces an isomorphism
Next, we intend to deform a neighborhood V ⊆ Λ(k, a) of c into D without increasing energy. The energy non-increasing smooth map G :
is a submersion in a neighborhood U of (c, 0) in Λ(k, a) × S 1 .
Since ∂G ∂s (c, 0) is tangent to S 1 ·c, while D is transverse to S 1 ·c, we can find an open neighborhood V of c in Λ(k, a) and ǫ > 0 such that a smooth function σ : V → (−ǫ, ǫ) is uniquely defined by
Using the homotopy h and excision one can see that the inclusion
Now (3.10) and (3.11) imply our claim.
We need the following variants of Lemma 3.3 that involve the isotropy group of c. 
Remark. If one applies the exponential map of Λ(j, a) to a small neighborhood of the origin in the normal space at c of S 1 · c in Λ(j, a), then one obtains a hypersurface D satisfying the assumptions made in Lemma 3.4.
Proof. All the constructions in the proof of Lemma 3.3 are Z m -equivariant. In particular, one can choose the neighborhood V of c in Λ(j, a) to be Z m -invariant, and then the homotopy h
This implies the first statement of Lemma 3.4. The proof for the second statement is analogous. Here one defines a homotopyh :
where the square brackets denote the Γ-orbits. Proof. It suffices to prove that for γ ∈ D \ {c} close to c, the hyperplane T γ D is not contained in the kernel of E ′ (γ). Consider the curve Γ γ :
where r 1 denotes the retraction Λ a − → Λ(k, a) used in the proof of Lemma 3.3. Since we have
if γ ∈ D is close to c. Since S 1 · c is an isolated critical orbit, all γ ∈ D \ {c} close to c are regular
. By (3.13) and (3.14), they are different. Thus there exists ξ ∈ T γ D such that 
Zm is an isomorphism.
Proof. This depends on the fact that we use homology with rational coefficients. 
Proof of Proposition 3.2. Choose a tubular neighborhood W of the circle S 1 · c in Λ with
, Lemma 2.2.8. As on pp.502-503 of [GrM2] we see that the map
is a normal covering with group of covering transformations Γ ≃ Z m operating by (3.12). This together with excision provides an isomorphism
Here and below we set W − = W ∩ Λ(c) and
. Now choose a finite-dimensional approximation Λ(j, a) ⊆ Λ and a hypersurface D ⊆ W c in Λ(j, a) as in Lemma 3.4. Since some neighborhood of c in Λ is E-equivariantly homeomorphic to W c × (−ǫ, ǫ) with ǫ ∈ 0, 1 2m , we can use excision to obtain an isomorphism
Then (3.15), (3.16) and Lemma 3.4 provide an isomorphism
Now the proof of Lemma 2.6 shows that the transfer is an isomorphism
Using the Künneth formula we see that (3.17) and (3.18) provide an isomorphism
Zm for all q ∈ Z. By Lemma 3.3 this implies (3.8).
Finally, the pair (
Using Lemma 2.4 and similar arguments as before, we obtain an isomorphism
Now we can apply Lemma 3.3 and Lemma 3.6 to obtain (3.9).
We will now apply the results by D. Gromoll and W. Meyer [GrM1] to a given closed geodesic c satisfying (Iso). If m = m(c) is the multiplicity of c, we choose a finite-dimensinal approximation
Such D can be obtained by applying the exponential map of Λ(k, a) at c to the normal space to 
such that ψ(0, 0, 0) = c, ψ * (0,0,0) preserves the splitting (3.19), and
where f : B 0 → R satisfies f ′ (0) = 0 and f ′′ (0) = 0. Since the Z m -action is isometric and preserves
preserves the splitting (3.19). It follows from the construction of ψ that ψ is equivariant with respect to the Z m -action, i.e.,
cf.
[GrM2], p.501. As usual, we call
a local negative disk at c, and
a local characteristic manifold at c. By (3.22), local negative disks and local characteristic manifolds are Z m -invariant.
It follows from Lemma 3.5 and (3.21) that c is an isolated critical point of E| N . We set
Using (3.21) and the fact that c is an isolated critical point of E| N and the Künneth formula one concludes
where 
In order to obtain a more explicit version of the formula in Proposition 3.7 one needs to know if a generator of the Z m -action on U reverses orientation or not. This has been investigated by A.S.
Svarc [Sva1] , see also [Kli1] , [Kli2] , Lemma 4.1.4, and [Rad2] , Section 6.3.
We introduce the following notation. If the group Z m acts linearly on a vector space H and if
T is a generator of Z m , we let H Zm,1 = H Zm denote the eigenspace of T corresponding to 1, while H Zm,−1 denotes the eigenspace of T corresponding to −1. This is independent of the choice of the
Proposition 3.8. Let c be a prime closed geodesic satisfying (Iso) and let m ∈ N. 
Since DT c m (ξ) = ξ for some ξ ∈ T c m Λ if and only if ξ = Dφ m (ξ) for someξ ∈ T c Λ, we conclude from (3.5) that a + = i(c) and hence
This implies
Now our claim follows from Proposition 3.7.
Definition 3.9.
(i) Suppose c is a closed geodesic such that ν(c n ) > 0 for some n ∈ N. Then we set
(ii) Suppose c is a closed geodesic of multiplicity m(c) = m satisfying (Iso) . If N is a local characteristic manifold at c, N − = N ∩ Λ(c) and j ∈ N ∪ {0}, we define
Note that Lemma 3.3 and (3.23) imply that the numbers k j (c) andk j (c) are independent of the choice of N . Moreover, we obviously have
Note that the finiteness of k j (c) follows from Lemma 2 of [GrM1] . Since Z m fixes c, we obviously
Finally, if c is non-degenerate, i.e., if ν(c) = 0, then k 0 (c) =k 0 (c) = 1, while k j (c) = 0 for j > 0.
The following facts will be useful. Remark. Note that c is an isolated critical point of E| N . Hence, if c is a local minimum of E| N , then this is strictly so, and similarly for the condition "local maximum".
Proof. 
for all j ∈ N ∪ {0}.
Proof. We choose finite-dimensional approximations Λ(k, a) containing c n and Λ(kp, 
is an isomorphism conjugating generators of the Z n -action on H * (N − ∪{c n }, N − ) and the Z m -action
The following result on the critical modules C * (E, c) in the quotient Λ = Λ/S 1 , cf.
[Rad2], Satz 6.11, will be used in Section 5.
Proposition 3.12. Let c be a prime closed geodesic satisfying (Iso) and let m ∈ N, q ∈ N∪{0}.
Let N be a characteristic manifold at c m ,
Then we have
Proof. Using (3.9), Lemma 3.3, and (3.23) we conclude that In order to relate the critical Q-modules C * (E, S 1 · c) of closed geodesics c to the homology of the loop space Λ, we will use the following fact. 
Then there is an isomorphism
Proof. We choose a finite-dimensional approximationΛ = Λ(k,ã) withã > b, and we set Λ b := Λ b ∩Λ,Ẽ = E|Λ etc. Using the energy non-increasing deformation retraction from Λã − ontõ Λ, one sees that it suffices to prove
where
Note that
Since there are no critical values ofẼ in the interval [a, u), the flow of -gradẼ induces a strong deformation retraction ofΛ u − ontoΛ a . This implies
Next we choose disjoint tubular neighborhoods W i ⊆Λ b of the critical orbits S 1 · c i . By Lemma 3.5 we can assume that the orthogonal projection -gradẼ ⊤ of -gradẼ to the tangent spaces of the fibers of the tubular neighborhoods vanishes only on the critical set C. 
and H 1 = H(·, 1) satisfies 
Using this and (3.29) we conclude that (3.28) is true.
Suppose (M, F ) is a compact Finsler manifold that has only q prime closed geodesics c j for 1 ≤ j ≤ q. Then the Morse type numbers M k for k ∈ N ∪ {0} are defined by
Using Proposition 3.13 we can prove the Morse inequalities in the standard fashion, see e.g. 
and
4 Classification of closed geodesics on S Case CG-7. P c is rationally elliptic, i.e., P c is conjugate to some rotation matrix R(θ) = cos θ − sin θ sin θ cos θ with some θ ∈ (0, π) ∪ (π, 2π) and θ/π ∈ Q.
In this case by Theorem 8. Case CG-8. P c is irrationally elliptic, i.e., P c is conjugate to some rotation matrix R(θ) with some θ ∈ (0, π) ∪ (π, 2π) and θ/π ∈ Q.
In this case by Theorem 8. It is well known that if all iterations c m of a closed geodesic c are non-degenerate, c must be hyperbolic or irrationally elliptic, i.e., P c is of the class CG-8 or CG-9. In this case, c is called
Remark 4.1. We should remind the readers that for a closed geodesic c : R/(τ Z) → M on a
Finsler surface M , the linearized Poincaré map P c ∈ Sp(2) is given by
3.4 of [Kli1] and [Kli2] . But in the notations here as well as in [Lon1] and [Lon3] , the matrix P c is given by ẏ(τ )ẋ(τ )
5 Rationally elliptic degenerate saddle closed geodesics on S
2
In this section, we study a particular type of closed geodesics of class CG-7.
Definition 5.1. Let c be a prime closed geodesic on a Finsler 2-sphere that is rationally elliptic,
i.e., its linearized Poincaré map P c is of class CG-7 with rotation angle θ c ∈ (0, π) ∪ (π, 2π) and 
The numberk 1 (c nc ) is defined in Definition 3.9.
Proof. Theorem 7.9 in [Rad2] Then
Using Theorem 3.11, Proposition 3.12 and the index iteration formula (4.7) we first compute the numbers M m,j (c) for a rationally elliptic degenerate saddle c. According to (4.7) we have
where . Let γ j = γ c j ∈ {±1/2, ±1} such that
where we set n j = n c j for r + 1 ≤ j ≤ r + a.
Proof. Note first that by (5.6) and (5.7), for a rationally elliptic degenerate saddle closed geodesic c, we always have γ c = −1.
Note that for a closed geodesic c, its mean index satisfies eitherî(c) > 0 orî(c) = 0. When 
for all k ∈ N ∪ {0}.
Next we solve the simple exercise to compute H k (ΛS 2 , Λ 0 S 2 ) from (7.1). If i : Λ 0 S 2 → ΛS 2 denotes inclusion and ev : ΛS 2 → S 2 denotes the evaluation map ev (γ) = γ(1), then ev •i : Λ 0 S 2 → S 2 is a diffeomorphism. This implies that i * : H * (Λ 0 S 2 ) → H * (ΛS 2 ) is one-to-one. Hence the long exact homology sequence of the pair (ΛS 2 , Λ 0 S 2 ) together with (7.1) show that
From now on in the rest of this paper, we write simply Λ = ΛS 2 and Λ a = Λ a S 2 for a ∈ R.
In the following three sections we will prove Theorem 1.1 by contradiction. So we will assume the condition (F) There exists only one prime closed geodesic c on the given Finsler 2-sphere (S 2 , F ).
We mention some simple consequences of (F ), (7.2) and the Morse inequalities (3.31). Using Moreover, by (3.30) and (7.2) we have
and hence i(c) = 1. By (4.3) this implies:
The only prime closed geodesic c cannot be of type CG-3. 
Cases with eigenvalue 1
We recall that we use homology with rational coefficients. We shall use the results from Section 3 to compute local critical modules. We recall the numbers k j (c) andk j (c) defined in Definition 3.9.
8.1 Case CG-k with k = 1 or k = 2
Note that (4.1) and (4.2) imply that i(c m ) − i(c) is even for every m ∈ N. Moreover, (7.5) implies that p = 1 in formulae (4.1) and (4.2). Thus, if c is of type CG-k with k ∈ {1, 2}, then (4.1) and
For the closed geodesic c itself we obtain from Proposition 3.8 Hence, in contradiction to our assumption (F), there exist infinitely many prime closed geodesics on (S 2 , F ).
Case CG-3
According to (7.4) this case cannot occur.
9 Cases with eigenvalue −1 9.1 Case CG-k with k = 4 or k = 5
In these two cases, i(c m ) − i(c) is even for every m ∈ N by (4.4) or (4.5). According to (7.6), we have p = 0 in the formulae (4.4) and (4.5). Then (4.4) or (4.5) become
We will now compute the Morse type numbers M 1 , M 2 and M 3 .
Since i(c) = 1 and ν(c) = 0 we obtain from Proposition 3.8
For c 2 , we have i(c 2 ) = 1 = i(c), ν(c 2 ) = [(k − 1)/2], and i(c 2 ) − i(c) = 0. Then by Proposition 3.8, we obtain
For c 3 , we have i(c 3 ) = 3, ν(c 3 ) = 0, and i(c 3 ) − i(c) = 2. Thus by Proposition 3.8, we have 
For c m with m ≥ 5, we have i(c m ) ≥ 4 and hence Proposition 3.8 implies
Thus we obtain M 1 = 1+k 0 (c 2 ), M 2 = 1+k 0 (c 2 )+k 1 (c 2 ), and M 3 = 1+k 0 (c 4 )+k 1 (c 2 )+k 2 (c 2 ).
Then by (3.31), (7.2), and (7.3), we obtain 
Therefore, by Theorem 6.1, there exist infinitely many prime closed geodesics on (S 2 , F ).
Finally suppose thatk 2 (c 2 ) is positive. This can only happen in case CG-5 when ν(c 2 ) = 2.
, and for all m ≥ 1:
14)
Again, by Theorem 6.1, we obtain infinitely many prime closed geodesics on (S 2 , F ).
Case CG-6
According to (7.6) we have p = 0 in formula (4.6), so that (4.6) becomes Since i(c) = 1 and ν(c) = 0, Proposition 3.8 implies
From (9.16) we have i(c 2 ) = 2, ǫ(c 2 ) = −1 and ν(c 2 ) = 1. So Proposition 3.8 and (9.17) imply
where N c 2 denotes a local characteristic manifold at c 2 , N − c 2 = N c 2 ∩ Λ(c 2 ). We will show that
= 0, and this will prove
= 0, since the Z 2 -action fixes c 2 . From the assumption 
for all m ≥ 1. Thus we obtain infinitely many prime closed geodesics, in contradiction to our assumption (F ). Hence we have
Since i(c 3 ) = 3 and ν(c 3 ) = 0, Proposition 3.8 implies
Finally, if m ≥ 4 then i(c m ) ≥ 4, and hence by Proposition 3.8 we obtain
From the Morse inequalities (3.31) and from (7.2), (7.3), we obtain the contradiction
Hence only one closed geodesic of type CG-6 cannot generate all the homology of (Λ, Λ 0 ).
10 Case CG-7 of a rationally elliptic closed geodesic
In this section we will derive a contradiction from the assumption (F) that a Finsler sphere (S 2 , F ) has only one prime closed geodesic c if this c is of type CG-7, i.e., if the linearized Poincaré map of c is conjugate to a rotation by an angle θ ∈ (0, π) ∪ (π, 2π) with θ/π ∈ Q.
Our arguments use first N. Hingston's results, Theorem 6.1, to reduce the problem to the subcase of a rationally elliptic degenerate saddle, cf. Definition 5.1. Then using Theorem 5.2 or Theorem 5.3 which are based on H.-B. Rademacher's work and the index iteration formula (4.7), we further restrict the rotation angle θ. These results allow us to show that c and its iterates generate a surplus in local one-dimensional homology. A careful analysis of the situation then shows that the local 2-dimensional homology generated by the iterates of c cannot destroy this surplus in onedimensional homology. This is the final contradiction. More precisely, this contradiction is reached in the following three steps.
Step 1. General information on the closed geodesic c
We first mention some consequences of our assumptions on c.
We set
Then σ ∈ (0, 1) ∩ (Q \ {1/2}). From (7.6) we know that the integer p in (4.7) equals zero. Hence In particular, we have i(c) = 1 and the mean index α ≡î(c) satisfies α = 2σ. Moreover, with n ≡ n c ∈ N given by Definition 3.9, we have n ≥ 3, and k ≡ nσ satisfies k ∈ {1, . . . , n − 1} and is relatively prime to n. Then d = c n is a degenerate closed geodesic satisfying i(d) = 2k − 1, 
wherek 1 (c n ) is given by Definition 3.9.
Since α = 2σ and σ = k/n with k ≥ 1, we obtain
and, in particular, 2k + 1 ≤ n. Hence we have 2σ < 1, (10.8)
i.e., θ < π. We set
Because of (10.8) and σ = k/n we have 2 ≤ τ ≤ n − 1. (10.10)
Step 2. Vanishing connecting homomorphism and additive homologies among level sets Now we will study the one-dimensional homology generated by the closed geodesics c, c 2 , . . ., c τ . By (10.2) and (10.9) all of them are non-degenerate and of index one. We set κ 0 = 0 and
There holds Then
Proof. In Lemma 10.2 below we will show that for every 2 ≤ m ≤ τ the connecting homomorphism
of the exact homology sequence of the triple (Λ κm , Λ κ m−1 , Λ 0 ) is zero. Using this and the fact that Since τ = n − 1, this contradicts (10.7).
Therefore we have proved that, under the assumption (F), the only prime closed geodesic on S 2 cannot be of the class CG-7 with k 0 (c n ) = k 2 (c n ) = 0. The preceding Sections 7-10 show that under the assumption (F ) the only prime closed geodesic c cannot be of classes CG-1 to CG-7 either. Therefore the proof of Theorem 1.1 is complete.
